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In this appendix we discuss how we can create samples for the optimization. The samples
include liability amounts & x T, and &xT,, expected return rates « of equities, factor rates ¢

and expected return rates R of bonds.
We have divided this appendix into 5 sections:

1) How to create samples of the liability amounts.

2) How to create examples of the expected return rates of equities and factor rates.

3) How to create samples of the expected return rates of bonds if we treat them as
equities.

4) The twist model for bonds if there is no correlation between bonds and equities or
factors.

5) How we can include correlation between bonds, equities, and factors.

1. Liability Amounts

Note that since each &, and &, is independent of other random variables, we can create
samples of them independently. We generate the amounts &, xT, and &, xT, instead as
the distributions of them are fixed but not those of &, ,¢,.

In most case &; and &, vary according to different T,. Assuming that &, xT; and ¢, xT,

follow normal distributions N (x,c?), they can be generated easily with a N(0,1)

generator and a transformation
X=Uu+1xo

) T random N (0,1)
random N(u, o)

2. Expected return rates of equities and factor rates

We assume that (o, &,y,-.. , Q4 @y --- @y ) TOllOw a joint multivariate normal

distribution. N, (£ C,) where £, = mean vector
and C, =var-cov matrix.



Random samples of (&, @ ps... &y Pyps-.. @y, ) CaN be generated with a Ny, (42, C,)

generator by inputting #; and C,.

3. Expected return rates of bonds by treating them as equities.

a) Roll the bond after maturity.
We treat the bonds as equities by assuming that the expected return rates of different
periods are independent. ie. we generate
{an,ap, .. aq,, R1?1’ Rl?zr--- , R10,30’§”11'--- Pim}
{at17 at2 L atn ! Rtt,zl’ Rtt,_217 ccc Rtt,;](:) 1 (Dtl’ q)tm}
using the multivariate normal distribution.
We also assume that after a bond matures, we simply roll it. Hence,
Rtt;l = Rtt,_zl == Rtt,il '

b) Using the Buy-Hold model.
We generate E(Rfm), . E(Rr’n“y}]l) as in (a). However, instead of generating
E(R,) for t >m and consider the bond as an equity, we calculate E (R?,) for
t<mandset E(R?,) = 0 for t > m. These are all the samples we need in the
buy-hold model.
Note: The problem with these two approaches is that
1+ E(Rp ) =@Q+ERNE(R; L)), ..., 1+ E(Ry ) isnota constant
since the variables on the right hand side are independent. One way to get around this
is to replace the values of E (Rrﬂ'm) by a constant (1+y,,)"™ —1 where y,,, is the
initial yield rate of bond maturing at time m.

4. Twist Model

We generate the yield curves in the future so that we can calculate the corresponding
sample values of R, for t <m.

Let y,, = yield rate of a bond maturing at time t, s periods from now. First we generate
the change of short rates using some model such as CIR:

Ar, :a(b—rt)At+a\/E\/Eﬁ

where n ~ N(0,1) can be generated as usual.



Consider the shift and twist models for yield curves:

dy s

Shift: =—1+y,,) forall s.
X :

ts _

d
Twist: ;/ =—(1+vy,,)(s—mid) forall s.
. ,

In the discrete approximation we have:

Shift: Yieas = Yis +[-1+ yt,s)]AX
X is a process related to r.

Twist: Y, o = Yo + @+ Y, )(s—mid)Az
z isaprocess related to r.

We assume that Ax, and Az, follow some joint distribution and combining, we have:
Yons = Yis H-@+ Y )IAX + @+ Yy, )(s—mid)Az, —(*) forall s.

From the above equation, given today’s yield curve:

Yoor Your Yozar---1 Yoo We Can calculate y, ., Y, 51 Yazar---1 Yazo the yield curve at time
A. lteratively, we get the yield curves at time A,2A,...,30.

Now, we have 3 different distributions Ax,,Az, and Ar, . but only two degrees of freedom.
However, we also have the following constraint:

Yieara = Yir +Ar, (1)
sine y, =T,

From (), considering s=t+A:

Yieatsa = Yeria T [+ yt,t+A)]AXt +(1+ yt,t+A)(t +A-mid)Az,

Note that at time t, all the y's in the equation are known, so that we have a relation of
Ar,, AX,,Az, and

yt,t - yt,t+A +A
1+ yt,t+A

AX, =—

t

" (t+ A—mid)Az, (<)
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Now samples of Ar, can be generated by the CIR model, we have to generate samples of
Az, , however, it is not completely developed as of 10/31/1999. We shall look into this in

the future.

Theoretically, it is very nice up to this point. However, we are only interested in y; ; in

terms of r's and z's for integers i,j. We can use brute force to calculate them but it is
very time consuming for small A.

We can also take A =1. Let

JSFR Y = ,SA
I*IX jX = ]X A
So(Mand () —
E(AR) - E(Yis) + E(Yeaa)
E(Yi) = E(Yias) + 1+ E(y,10))| (s—D)E(Az,) + ————2tie - —ouied
1+ E(Yia0)
1+E E ~-E
— E(Yoas) + (0o, E(82) 4y Ear) 4 T EW e EVsc) “EDs)
1+ E(Yea
where @, =1+ E(y1,))(5-1)
1+ E(t)
l//s, =,
I E(Y)
So, in this simplified model, we need only kKnow Y, ¥,,,..., Yo 5 10 generate y,,..., Y, 5

Once the yield curves are known, samples of the expected return rate can be generated as
follows:
_ A+yon)"

1+R), =
’ (1+ ytm ) mt

Correlation between bonds, equities, and factors

If we consider bonds as equities, then we can have correlations as usual. However, if we
are using a bond model, we need to refine the movement of the expected return rates of
equities, and factors so that they are comparable to the movement of short rates. In our
original model, the return rates are updated each period (year). However, the short rates
are updated every At. Due to the mean reversion property, we should not change At to 1.
So, we should update the return rates every At, so that it can be correlated with the short

rates after one period.



ie. (1+ al,l) =1+ aAt,l)' 1+ a2At,1)’ (L al—At,l) .

We have developed some extension of this in other articles.
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